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Abstrest of Fa..

5 The most general plastic stress-:ztrain relotion for
materials obeying Drucker's work-hardening criteris Js special-
1zed to commcnly used forms. Particulsr attention i¢ psid to
the irplicstions incurred by (a) the assumptior of & loading
function for these materisls, and by (b) the sssumpticn of the

liresrity of plastic strain increments in the stress increments,
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abstrasgof Part 11

A detailed trestment of the experimental data obtained
4n the testing of two slumimum alloy thin-walled iubes i¢ pre=
sented. Comparison is made o this znalysis with the implications
of two bzgis sssumptions of incremental theories of plastifity
for work-herdening materisls. The conclusion in that the stresse
gtrein relstion for one of the tubes w8ds linear ian the increments
of siregs and plastic” strein while that for Bid: other wgs de=

¢cidedly non-1ircsr.
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Introduction
Quite recently the mathematiicol thiory of stress-strain
lews of plasticity hos sttaincd 3 form of wverv broad egcnerality.
Th. thcory embtraces most previous theorics as spccial cascs,
It 4s the purnosc herc to present tris theory in its broadest
agpcet and to specislize it to the —rineipel particular forms.
Thi thcory is concerned with elastic-plsstic materials
that arc inﬁependénzzof timc and tempecrature effcets, The ma~
Terisl 1s assumc¢ to be work-hardening in the scnse desceribed
h& Drucker ( 1)} 4ost metels uscd in engincering practice at
normél tempcreturcs sn¢ rates of loading exhibit—at least to
®ithin the ccouwre eV ni—normnl f-:t:;:»crj.mcmca‘i::!.or‘--t:h:ls indepcndence

of timt end tcmpersturc. Th stztinent of work-hsrdening re-

ferred to 4s o dcfiniticn of 2 cless of mztcrisls, and provides

.l -

a mothematieal deseription suff

ption suf genersl to include tho
phinomonon of vwork-hordcning of metsls 2s usvally interpreted
on-the one hend and to give a logicel extcnsion to o complctcly

genersl) stressing of & tody on the other,

Ferk=rordcning

_As uguslly thourht cfy por¥.hardening mions thot given

s matirtal in £ pruescribed stots of stress and stroin, the rzote
of ingrcsse-Qfircth totel ernd nlzstie work pur unit volume per
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given chonge in any <ooonent of strain must be positive ss the
strain incremeris are incressed in ratic (2 ); The concapt has
been géneralized by Drucker {1 in the €cl11-7:in2 manner:
Consider a meterisi wiuer 3 sy-tem of stressesd
due to sn agenecy a. Consider a system of stresses Ag B“tégt ave
slowly aprlied snd then remcved from the body by an eigernal
secney 2, "Slovly" is to be interpreted toc imply thet inertia,
vibratinnel, snc viscosity effects sre not incurred. Worke-
hardening'then reguires that

(a) for-all stch added sets of stresses the materisl

will remein in equilidrium, and thst

1) “positivevork be dofie by {he externsl sgency B
during the sp-licarion of theds B
(c) the work done by the externsl aégncy R over the
entire ~vcle be positive if plastic deforrationrs
here ogourred, 10:is vork will be zerc 1f and orlv
1f *i+ sireans 3re surelv elastic,
_Tie definition of work-hsrdenin: lesds to the mathe-

.matdes] €xpressions

B : _—— s ; . : s
Qcﬂ' Ae 13 50 during the gpplicstions of the
strésses; {1]
). LS oy, T .
aof:uﬁg-gﬂ»é el for the sntire cysle, ard {23
13- 44
) gty L = N
Ao ” Qaﬁ?- =0 i erd-oniy if A;?&_= Gy
3 T2l « 1}
'p total

provided, cf coutue, Ac can'bte scperated from Ae . and Ae =
~ ' R ¥ - 1 13
* . o
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Aag? +Ae® ., These expressions rcguire ststility in the strictest
i
sense; nn ¢nergy - even of infinitesimil order «- may be ottained

Trom the materiel by the agency B. If a2ny rplostic cdeformation
is to %ake place, ernergy must te aprlied to the materisl by
ageney B, Furthermore tne materizl will te in equilibrium for

8ll systems AGE + 0 that csrn ke attained from ab .

iJ 3.3 1]

Fig. 1 1llus*rates these ideas ty &n example guite

s
n

snalagous to trat used by Drucker. P represcnts a body assumed
to be in the incipiently plastic stete under loads kept constont
during the following. The berbell at tre right is pivoted at

C s0 as to be free to turn ebcut on axis ;erpendicﬁlar to the
slane of tie figwme, A.§§:ing,af zera-massiisrfastened to Lhe

top mass to symboiize the absence of impect of the uvpper =eight

A against the block A when the btsrbell 4s releesed. The upper

weight of the barbell is sssumed wverv slishtly larger thsan the
lower =0 thet in the position showvn the berbeil is in unestable
eqnilibrium; pivot C and the spring arc¢ considered frictionless,
If the barbell is now given an infinitesimal counterclockuwise
displacement, It will ceontinue to turn slowly until the spring
comecs in contuct vithP, Inertia »i{1l1 compress trc¢ spring which
will bring the svstra teo rest snd then cause th= barbell to turn
clockwisc, However, the werkehsrdening definition above inswres
thet the bsrhell will never go through its unsteble equilibrium
position, anc that it will 1 *turn to thit position only if no

rlestic delorrstion occurrcd,
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It is emphssized thet the criteria (b) and (¢) make
no explicit assuvmptions with regerd to stress-strain relations.
They 8lso do not hypothesize that & certain set of stress in=-
crements 60 01 do not cavse plestic deformation or losdin31
Thcy merely stste that if sny sdditionsl set of stresses are
si&%}ylﬁﬁﬁéﬂ:té”thﬁﬁexis1ting.$tr€ss state ané slowly removed,

then the pesnltine streins must sstisfy the conditions enunciated,

peral ftross-Strain Law

Tns.dost gcﬁerai"stress-st:ain 1sw that can be written
thin, under the corcition thst tne material bc independent of
ti € and temperature effects, would be 8 functional.relat;on

butween the components of ¢ , e - {both the elastic e and
¥ 23 13

tbﬁfgla§£i¢=z:3 ) end the-entire history of stress ané strairn.,

The 'opdy ‘restrictions that would te imposcd on the reletion
would be ;thess implied i (b) and (c).

A -pictorial represcntation trst 1s freguently usecd
msy moke the icea of the restrictiovn oclesrer, Consider the

nine components of o 8s the components-of & cartssian vector,

13

"66581der-theacomp0neﬁts of » @s components of 8 cartesian

1]

veetor referred to the Samc B8XeS 83 the wveictor 613,4~Then 61 ’
- totel P e - -J

€43 9 g+ ey or thelr incrcments or time rates of sny of
th;s%-éay b corcidered vestoers 4n this spsce, The only restrice
tion on thie grrersl stross-strain lew woulc be trat for eny
stress-stratn gtote of thg’materi&l,-éaai ard 5513 past @s¥e Bn

acute sngle with cach othor, and that in asny lo8d. - cy~l¢ boy 4
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ZETO 6513 .
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Sugh.

& law, hewev

nrineering point of view.

cach otlnr materiad

roT 1, the on

law of & psrticular matcris

Losding Functions
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7
acute enkle with =zch otlier for none
¢r. wouls be teotalily unussblce from an

~

Since esch moterial differs from
lv ceterrmination of the stressastrein

1 woulé be an experimentsl cne.

Two acditionel almost universelly adopted‘aésnmptions

arc¢ emzloyed in en ettempt

The first is thet sdded es

ment of workeherdening ccrd
clastic strains anc associe
independent, and their effe
i3 the hypothcesis of the ox
each stote of strain enu hi
aniid & number x such thst ;1
fcochin® 8 state of stress

i3 ususlly considered as o

S

totc e of strat

which the

»

The pumber k mﬁy slso be de

th. plestic stirein history,

f(dij) moy conven

~lassifving points in stres

2 8:xd B, P 13 the sct of 8]
whiclh ore to

tie st of 0{

mont of F

A —a o Wt
b e vt g . - corbar A AT

AT A g e sonmrb et IRV T o

to mek< the probvlem more tractable,

A proviso to the mathcmatical statc-
itions (b) and (e¢)s: the plastic and
tcd stresscs arec distinguishsble and
¢is ere linearly agai;ive. ‘Théjééeond
istence of & loeding function. For
story thrre‘eiiéts a function f‘“ij)
sstic strains wi;l ensue only upon
5'“ for which f(313)$ k. Fere f

function of the stresses only in
penaent on thc plestic strain snd

icntly be theught of 323 8 means of
s spoce into three clesscs. P, E,
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the set of peints wihdich i:s the complement of the set P+3. The
points of E are s2id¢ to be "inside" the toundarv B while the
set P 18 "outside",
4 complete discussion of the i-plicstions cf the hypo-
thesis of 2 leoading functiasn is lacking st the present time,
However, certein brosd categories of functions have been used
and quite general results have been obtained from them, The
post inciusive yet presented ic that of continuous functions of
15

For these functions the boundarv set B is also contin-
uous gnd forms a surfsce in dij space - commonly called the
yieléior loading surface., Tor 81l loading functions the set E
is composed entirely of elsstic states possible for the given
staste of stress and st;ain histery. The assumption of continuity
assures that the boundary points also beleng t+ the set with
which only elsstic strains are associated, Tor this case
losding 1s incurred for outwsrd pointing stress increment
(féte) vectors starting from sny stress state representable

by & point on the losding surfece; unlosding, for sny inwsrd

-

(4 7]

neutrsl loanding for aony

cw

pointing increment (rate) vector; zné
inerement vector tongent to the loading surface (3).

Prucker proved (4 ) that for continuous loading func-
tions the work-hardening criteria implied thst the set F + B 1e
convex, oaince the loading function 1s still s function of plaste
=trzin and plastic strain history, the surface is,of course,stild
frece to expand, translste, chenge shape, or perform asny combtina-
tion of thesc in stress spane 8s losding grotcecs, It is in-

teresting to rote that in the movement cof the surface, the stress
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free point, dijzc, mav 2t some st=ce recome an entsife point.
Since the toundsry is continuous: it must consist only
of smooth points (i.e. pocints at which there is a continuously
turnihg tangent plane’to the loading surfsce) and of points (each
of which %11l te referred to hereafter as s "pointed vertex")
which are on either corners or pcints of the loading surfcce.
Convexity of the lcading surface implies that the strain incre-
ment vector must be parallel to the outward normsl at each
smooth point of the loading surface, anc that at each pointed
vertex the strain increment vector must nct make an obtuse

sngle with the stress increment vector that causcd it.

-———

*In the proof cf convexity the following reasonable though
lengthy-to~state theorem was tacitly assumed:
Giver: 1) a, any point of E
2) b, any point of % that csn be resched bv a
path,y , from 8 to b such that y lies entirely
in E (except, of course, for b)
3) dy (= ¢ - b) any 1nfin1%esimal incrementsl stress
vector thst constitutes loading from b to ¢
4) L?t f(c) determine 3 new boundarv E' with inside
Et,
Conclusion: There exists s psth y' contalned in ®' + E!
Joining ¢ and a.
Physically speaking, this thceorem merely ststes thst If from s
stress state 044 an externzl sgency applles a set of stresses
that invoive oniy elastic strains end an infinitesimal plestice
streir, then there exists a w»av to return to stress state a4
by means o7 stresses thst involve crnly vlisstic changes of st®ain.
If thiz theorexm is accepted, {t is rot stristly nezes-
sary to assumd the continuity of the tourdary since the proof of
convexity glven bty Drucker now carries throuch, and since the
boundary of 2 2anvix s2t {s continvous,
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+«»1imost 211 losding functions of the isotroplc and of
the anisotropic type that have teer propcced to date sre included
in the type for which Drucker proved ronvexity., Further assump-
tions concerning the psasrticular materials for which the loading
function is to be used influence the particular form of the
loading function. Four hroad cstegories heve been used exten~-
sively:

rirst note that convexity was estaklished for those
materials for which ti e rate (i.e. viscosity) effects are absent,
Thies assumption implies that if time raste terms sppear in the
stress-strain relation, the functicn displaying them must be
homogenecus anéd of zero order in them.

Isotropic materisls 4in the extended sense srs those in
which there asre no directional properties in stress free material,
For such materfals stresses appesr in the loading function only
in forms expressible es functions of the mean no-mal pressure Jjp

ané of the invsriants J2 snd J; of thu stress deviation Sgy4

1]

Jy = 1/3 3445 Jo = 1/2 Siy S349 and J3 = 1/3 S13 Sik Sk1 where
Syy = 013 - 1/3 Ok bij‘ Similarly the plucstic strain should

sppear only in forms expressible as functizcns of tlhe invariants

IL’ 12, ard 13 of ij%]l‘;' Cfi, 12=l/’2 Ef,‘; efi,and I}
1/3 853 Efk ﬁfi. Finally the strain rates msy appear in f

. . ¢ P
only as functions Kl, K.,y anc h3 cf{ tlie plastiz etrsin rate T4y

£ w by bk ekl

It <he plastic deformustion of s materlal 1s sssumcd to
te incompressible, then by definition I1 = 0, It follows also
that Ky = G. The losding function must te ﬁnéepccdeﬁfinf the
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m8én normal pressure, all plastic stress-strain relsilons m3y be
eyxpressed 3s reloutions tetween plastic sirsin increments and
stress ceviaticns,

If an initially isotrcpic materisl iz to Z24splay sut-
sequent anisotropy in the unlcaded condition, plac=tic strains
must be incluced in the loadiny function ( $5,€ ),

Finslly there i< s large numher of losding functions
that sre functions of struss alone, i.e, indepencent of the
plastic strain. This 1s possivly the most popular group of s8ll,

Two roints are emphasized with regoard to the above
categories, The first is that it is not intentionsally implied
that these categories sre exhaustive nor that they are mutuslly
exclusive, but rather thot most existing lcading functions cen
be classified in one or more of them, The second is thet the
inferences co not 8pply necesssrily tc¢ the veslue k which indicstes
the velue the losding function must attain tefore plastic defor-

mations occur.

Plestic Stress-Stroin Relations

The existence cf smooth "convex" loading functions
effects a freet simnlificatien in the form of the stress-strain
lew, Since et cmooth ;oints & unique outwczrd normal exists end
since the plastic strsin increxent must be psrallel to {t, 1t

follows thut the law must te

P of M S
s cumswmsemn ) ] ki I
ond dcf3 = 0 otherwise.

- e o o o e S -
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E’ Here X\ 45 a scalisr multi-lier thst mav cdepend on the stress,
% plastic strein snd plastic stress-strain histerw, GSince [3a])
¢ .
E holds cnly for £ > O srd since adf exists, (3] mey be written
; e
P o o o
3 e o
Lcijch&,-;-w—doquorf>k, m dpq)O
J 77pq Fq (4)
defj =0 for 322- do. S0
%q P9

where G. 1s o scalar function of stress, etc. This 1s the most
genersl form of the plsstic stress-strain lsw compatible with

i Drucker's cefinition of work-hardening snd thc sssumption of the
existence of a continuous loading function (see footnote on page
j 9)-

It should be noted thst -Es- dopq is not 8 complets

89pq
differontial of f except for those f's which are functions only
of stress, Lven in this eventuslity the right hend side of [4]

does not represent e complete differentisal except for certsin

paths of looding. For these paths of loadirg, the flow theories
an¢ deformation theories coincide., Msany interesting cases of
t'.4s coincidence hav t2en studled in (3).

Th- particuler form [4) is misleading in that superfi-

cially it sppcors that the plesstic stroin increments are linesr

PRy RO APt P S P R

functions of the stress increments, As pointed out previously,
it is pereissidble for the increments to &ppeor in the plastic

stress-3train relstion (i1.e, in the cocfficients of coij for

3

tie form discusscd here) provided thcy  apprar
cnly in homagencous functions cf 2cro order,

The assumption of lincarity raquires that the

- - - WRm—— R T -
e - S - P it

S »_._.W"-""-"' s o
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coefficients G and be independent of stres: or of strain

°°1j

intrepents entirely.

The introduction of the linearity of the incrcpentel
piastic strain and strecss increments into incremental plastic
stress-strain laws must be regearded as sn sssumption insofar as
proofs cxisting to date sre concerned. This fact wss cither
overlooked entirecly or glossed over in s great deal of the develop-
ment of plsstic stress-strain relations ( 7). Furthermore, the
assurption uf lineerity is entirely indepencent of the assumption
of the existence of a losding function. It merely states that
in the most genersl form the strcss-strsin relations may be
vritten d‘ij = “1Jk1 dokl where the Aijkl sre independent of
the increments d°13 (o¥ o de11 eand that the effect of two different
differentisl losdings d°1§ L snd d°1g ) is the same 88 the

combined effect of toth loadingsii.e.

(1) (2) ¢ P (1 Pra(2) .=
efy (a0074¢0 %)) < el (ao) 3+ae Seas®)y (5]

It 4s interesting to contrast the gecnersl implications
of the ssasumpticns of the existence of e louding function and of
the vslidity of lincsrity, The eristence of a loading function
puts restrictions on the possitle directions for plastic strain
incrcment vectors corresponcine to 8 given stress incremcnt vee-
tor at & point, The validity of lincerity, on the other hond,
puts ristrietions on .. magnitudes of the plastic strain incre-

ment veciors resulting from iosding at s point,

-l

J'\.
S
3




Th: ~ost genceral forme of the stross-strain law that
cmbreccs both the cxistence of 8 smooth losdirg function and
the v3licitv of linesrity is the seme ss [4) cxcopt that ncither
f nor G mev be depencent on the increments of either tre plastic
strain or th. strcss,

If, bowcwver, 8 losdinz function has s poirted vertcx,
lincarity st thst point is impossidblc, This fect can be 1llus-
troted most simply in the casc of plenc stress referred to
principel sxes 1ixed in spsce, slthough the results can be
generslized reedily. For Lhis cese the stress state can be
represanted by 8 poirnt in a two-dimensional drawing (Fig.z< ).
Here the loading surface tecomes a curve., At 8 pointed vertex
in the loading curve, the curve will be represented by the srcs
"N and Y2 which meet in the pointed vertex P. The convexity
sssures thet in some neighborhood of P the srcs ¢, and v, sre
smooth, It salso sssures that the "corner" will point outwsrd,
This implies that ¢ >x where ¢ is the angle betweer. the tangents
TP end TP to vy ond y, respectively, Let 5B' be th~ bisestor
of @ vnd let AjPA, be perpendicular to ZPE! 3t P, Nots thst

sny vector dogg)that lies detween PA, 8nd PT, constitutes loeding.

| 1-
Any vector d°§§) lying between PA, end PT, ¢lso constitutes

losaing. Kow {t is clear thst equation {S) cennot hold generslly

(1) 2
since it is possible to find dc11 and ddij) thst individuslly
1)
constitute loading but together do not; e.z2. 1if ddij is sym-

wotric to ddgi) »ith respect tc B'PE ard hoth iie below &195,.

1)

oW SN Nk NPT Q. il St
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‘‘ork-hardening critertis (1] anc [2] yield information
on %he location of the plestic strain increment vector, Equation
{1] implies thst the plastic streain incremen: vector shall not
make an obtrcee angle with any possible "elastic" stress vector
wh.ose end-point is the point from vhich losdirng takes place,
Therefore, thc plastic strein increment vector must bte ccntained
inside or on the surface formed bty the normsls to the smooth
loading surface points in the nefghborhood of the corners.,
Equation [2Z] implies that the plastic strain increment vector
does not mai‘e 3n obtuse sngle with the stress increment vector,
This fact implies in turn that one cdirection of defJ cannot
suffice for sll loading directions from a3 pointed vertex (rFig.3 )

Although loading functions with rointed wvertices epe-

. parently lead to mechanicsal difficulties of msnipulation, it
should not be concluded that this 1s always so or that the smooth

loading functions are pr~ferred, Incdeed, with the nctable ex-

.

ception of v. ¥iscs losding function J = k ( 8) slmost sll

e

atterpts to fit experimental data with smooth loasding functions
leed
8lmost

(44
o
3¢
X)

o) reseions invelving J. (9 ), and thenes exprescions sre

3
iversslly cumbersome for eny except the simplest 1»ading

§

!

paths., Tresca's maximum shear criterion on the other hand hes

[

o i A A o s AL

enjoyed a poyularitv comperablc to trat of 5o = k becsuse of

its ease of spylication (IC); yet this function has corners on
its loadinyg surface, Of course in its completely penerai sna- .
lytic form J3 sppeorc here 8also; hcrever, 8s ccrmonly employed,

it is poscibic %o use i¢ vithout reference to 33. It 18 8lso

P e e . —— LA SO FTRTRL ¢ b o, T AT
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noteworthy that the recent development of s mathematical theory
of plessticity based on slippinz in individusl grsins permits
and in fact requires pointecd vertices (11). Furthermore, the
recent develorment at "rown of plsstic stress-strain relsticns

for scil m charics slso permit corners, .

-

Work-tisrde and Stresg-Strs s

From a mathematical stardpoint thc ides of oan "increment"
18 not always clesr., For thLis resson it is often desirebdle
to define loading and 8llied concepts in terms of time rates,
vhen & material has spplied to it stress rates that give rice
to plestic dcfeormations, those stress rotes are said to consti-
tute "loeding". 1If & material exists in such a state thet load-
ing is possible .rom thet state (incipiently rlastic steate)
stress rates that lead to states from which losding is {mpossible
sre said to constitute "unloading". If & materisl is in the
incipiently plasstic stete, non-zero stress rates that cconstitute
neither loading nor unlosdine are termed "neutral loading".

Preger has stated four criteris that 8 uscful methems-
ticsl stress-strain relstion for plestic materials shculd satisfy
(12)s irreversidility, continuity, consistency and unigueness.
Irrevcersibility renuires thot the worx dcne by the stresses on the
plestic streins be positive. Continuity r.-uires thst any neu-
tral loading ~oay be considered s limiting cese of cither losding
or unloecding. Ccnsisterdy requires that sny loading from a
given stress stote leads to stress ststes from which lo:zding 1is
axoin possidle, ! irnslliy uniqueness rcquires a unique deterrine-

tion of stress rutes throuvghout s »ody prouviied the mechanicsl

e e« . e . A VNS G .. SO

b

G ol R MR T O

ZEAWAYET e



wli-28 17

state (including stress-strain historv) of s bedy and the system
of surface traction rates on the Lodv be given, The guestion
arises, "Does the sssumption of worix-hsrdening in sny way
guarantee these conditicrs?

Irreversitility is zssured imrediately by worl-hsrdening
condition (c¢) that states that the total worv done in eny cvcle
must be greater than o equsl to zero, the equality holcing only
if no plsstic ceformation has occurred during the cycle,

It 1s not spparent at this tice thet the assumption of
wecrk-hardening implies uniqueness of the abrve stated houndsry
volue problem, Certsirly it ceannot unless 3 stress-stroin lew
gives uniqueness in the smsll, Even then it is not sj;pe:.nt
thet the boundsry vslue problem ic uniquely sstisfied. The
assumption of linesrity gives uniqueness provided the materiel
18 losded throughout since it csn be shown by mcthods snslogous
to those used to prove the theorem of virtusl work thet if two
sets of stress rates and strsin rstes satisfy equilibriun snd

compotnbility end the toundory value problcm given sbove, then
e } . o )
t (o ¢ )- ¢ (2)) (e (1)- € (2)) dv = 90
v 1 13 1) 13
¢ (1) + (2)
But since doth °1J ond CiJ

end lirearity imply t' et the irntegrond is aslways positive, Hence

constitute loadirg, work-hardening

tho twe solutions must coincide., It 1s not obvious thet the
1

(1)
result 13 still valid 1if, sey, 0§y ccnstitutes loading and
(2)
044 unlcading. 1If, howmver, a lozding functicn is nlso ss-umed,
incority will guasrantee that 1t {mplies a smooth surface in

stress spece, Under these conditicns the jroof offered by

-

4 e o 4
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Hodge end Prager (13) now holds, and uniqueness fcllows even

though £ is not necessarily a function of J, end J3 only,
Finslly continuity snd consistency are properties of

th@ ctress-strain law itself anc do not depend on the sssumption

of work-hardening.
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Oumbbell cannot bounce pasi neutral equilibrium
pcint. It cannot even atiain it if dumbbell couses
plastic deformation.

FIG. |

M

dO':", and d0'* constitute loading. d0 «d0'"+
do'*’ does not. Linearity is impossibie.

FIG. 2
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ntroduct
Most efforts to describe mathematically the stresse-
strein relation cf 2 work-hardening matecrial in which time end
tempersture effects are absent have adopted the hypothesis of
the existence of 8 loading function., A loading function 1is a
function of the state of stress,strain and history that determines
when and i1f additionsl plastic strains will tcke plece. In stress

space 2ny stress stste 1s representable by & joint, or, altere

-4
fute
o
[Ws
o3

netively, by & vector from the o x to the point (Fig.q Vs
Similerly, increments cf stress from 2 given stress state are
represcntable by incremental vectors frbm therexisting stress
point. Let f be a losding function. In stress spsce f = ¢ is
8 surface cslled the vield or loading surface, Drucker hss
skown thst his work-hardening criteris imply that thre loading

surface is convex (1). The interior or inside of the loading

[el)

surfsce is thst portion that originaliv contcined the zero-stress
point,

Let 0 be o strcss stste, and let do be a3 stress incre-
ment, If o 1ie3 on the losding surface, and if do points towerd
the ovtsice of f = ¢, then plastic deforrmation will occur. Such
increments of stress corstitute looding. If do lies on the load-
ing surfacc, thcn do constitutes neutral losding (2 ). Finally,
if do points teoward tic insice<, do constitutes unlosdin:. In the

last two crscs 9ll deformations are e¢lzstie, In the first coce,

oy

of cowse, clastic deforracion occurs as we!l as plsestic, All
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stress incvements lving «ithin or on the lozding surfece ere
accompsnied by purely elestic changes,

For ideal plasticity thc loecdins furneticn 3s fixed in
stress spsce. 'hen the siress point reeches the yicld surface,
uncontsined plastic deformetion can take plece; but this defor-
motion has no effect on the yield surfece., For a work-hardening
materisl, however, the lcading surfece moves locelly with the
stress point ¢uring locding. The movement of the surface may
be an expsnsion, translation, chenge of shs.e, or any combinetion
of these,

Let the strain spece corresponting to @ given stress
space be su;sT.mposed on the latter in such a manner that the
corresponding sxes coincide. Let the stress point be on the
loeding surface; ond let the increment of stress constitute
loeding. Prsger showed that if the loeding surface had s con-
tinuously turning tangent plane @t the stress point (i.e. was
“"emooth"), then the increment of blastic strein would be parallel
to the outward normal to thc loeding surface at the stress peint
(3). Stated again, the direction of the plastic st~sin i..cremant
vector is determined by the direction of the normal to the loading

(3]

surface if the normal is unique.

To fix the ideas under discussion ss well as to prepsre
for the arguments to follow, consifer » planc sircss state re-
ferred to its principsl axes, 5Such a stress state may be come

pictely deseribed by o point in a twe-dimcnsicnal representation

)

of the stresy spsce, The loedins surfsze will be ropresentcd by

g curve - thr curwe ascimallw hoine tho $nterscotion of the loeding
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surfece end tht plane determined by the two non-zerc principal
stresses,

Consider a stress point on the losding curve(surface).
1f the loeding curve is smooth st the point (¥Fig.2s) there wiil
be 8 unique outward unit normal, n. Any incrementesl plastic
strein vcetor arising from loading from the stress point will be
perallcl to n. Loacing, neutral loading, or unlocding will be
determincd by whcther the stress increment vector makes respec-
tively ar scutc, right, or obtuse angle with the normal.

Contrest this situsticn with that in which the stress
point s u% & pointed wvecrtex of the lozding curve (Fig.ct),

At such e point "the normal to thc loading surface" is not de-
fincd, Furthermorc, thc dircction of the plastic strain incre-
mcent vector is likewise undefined, It csn bc sLown by the use
d Druckerswriclsrdeningariterie (4) thast (s) therc 1s more then
one possiblc direction, (b) cnc dircction is not sufficient, and

(c) the plestic stroining direction must lie between or on the

norméls to the intcrsoccting loeding surfoces that form thé pointed

vertex (i.c. in Flg., 1b, on = which is perpendiculer to 3, or on
n which 1s perpendicular to T, or in the region tetwcen them),
It i1e ¢c B¢ notcd thot the dcterminotion of the strain
incrcment voctor is not completc, howcver, until its megnitude
88 woll ¢s 1ts direction 13 lmown, Ti.. mepnitudc is fixed mathe
cmeticnlly by somc hypothceis releting thic strain fnercments snd
the stress increments, The most common cne is thet the strain

increments «r¢ iincar functions of the stress increem2nts,

i A il when B
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h previons pazcr {9 ) reported tricfly the results of
en cxperimentsl progrem {nvistigiting the stross-strain rclections
of 3 thin-n21lcd tudl, The primsrvy purposc of the peper was to
prcscnt the cxperimentsl tecliniques ond cdet2ils, Insofar es the
enelysis was corricd cut at thet ti~c, it vas fclt thet thc con-
clusion wos justificd thst the dircction of the stroin incrcments
wcre indevendent of the direcction of the stress {ncrements. This
concluvsion i1s snothcr w»sy of stetin: the cexistence of a smooth
loading function. It was pointed out there thot the question
of lincearity would toke additional asnelvsis,

The purcosc of this peper is tn prosent 8 much more
sencitive onslysis which coni'irms %the conclusion stated above
in the cose of one of the tubes but not tic other, As o cone

sequcnce, lincerity is not slweys attaincd.

Lincerity

Lincerity applied to the plestic irncremental stresse
stroin reletions refers only to the increrents of the strosses
snd plostic streins. It mrons thot if two struss increments
do, ond do, both constitutc loodin” from & str.ss stote, &,
end de, bcirg the sasocicted plestic sirnin increments, then
thc inercment d6) plus & - constitutis loading ond ih7 resulting
plostic strein is dey rlus de,, This riletion im:ll s trot for

d%r=—thet constitutcs loiding

P
dey o = Ay gy oy f11

.
H
§
;]
- §
%
3
3
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in which thc Aijkl erc explicitly cssumed to be independent of
the increments of stress 2nd siroin, but arc otherwise unre-
strictcd insofer as tht assumption of lincarity 4is concerncd.
In (1] ij is the plostic strain tensor and d44 is the stress
tensor, In plzne stress rcferrcd to principsl axcs fixed in
spoce it is sufficicnt to cocnsider two members of equotion [11:

de, = A do, + Bydo

P
y 4 (2]
dep = A do, + P _do
y y 2 vy

wvhere x and y sre fixed directions, SCince the experimental

work to foliow was analyzcd under the ossumption of plsnc stress,
sttenilon is rcstricted to equstions (2], 2lthough all comrcnis
mode concerning [2] cen casily be generalized in order to opply
to {11,

It shoulc be emphosized thet lincsrity and the existence
of 8 loading function erc both cssumptions; cithcr mey be mede
vithout the¢ otlher, Fowever, 1if, for instonce, lincarity has btcen
scccpted, the sddition of tlc¢ essumption of & smooth loeding
surfoce implies o rcletion betveen ths o's end Bl's since the
dircction of the 2tredin dncrcovnt is detcrzined by the loeding
surfoce, Thc reletion t¢

baizy = Bx/Py (31
igain, since at smwooth yoints cf the lecding surfacc the direce
tion of the strecin in2r.ment ic crthogonal to thc surface:

2y fa]

-

y
tiv relotions "3) and {¢]) do not, of cowsc, altci trc foct tnet

the mognituce of the struineincr.oament veztor 15 Jetermined bty o
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linesr comtinstion of stress increments, On the other hsnd the
addition of the assumpticn of lirearity cveryvhere to thet of
the existence of a loading function impnses conditions on the
allo-able forms of thre loading surfsaces: they must be smooth
everywhere, This last fact follows from the possibility at a
corner of picking tvo increments of stress esch constituting
loading, but vhose sum does not constitute loading. Hence the
sum of the corresponding individusl plastic strains would not
equal the zero plastic strain corresponding to the sum cf the
stress increments, Thus the condition of linesrity would be
violeted.

In any cese the hypothesis of both the existence of @
losding function snd the validity of linesrity implies equations
(3) end (4] ond the smoothness of the losding surface, It fur-
ther 'mplies tlat the megnitude of the strain increment vector
i8s given by 8 linesr combination of the stress increments., Tlrese
impiicetions afford s method of investigeting non-linearity. 1If
the loeding surfece is not smooth or if either of equations [3)
or [4] 4s not satisfied then the losding surréce does not exist
or tne relation is not linesr., If the existence of & loading
surfece is accepted tre conclusion woulc bdbe non-linesrity, Agein
if the msgnitudes of the strain increments sre not linesr functions
of the stress increrents, the relation carnct te liresr - this
recult, of course, is irndepencent of the existence or non-

extistence of a s=mcoth loacir- function.
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Pescription of Experiments

The experiments cersi
tubes to simultanecus and

snd longitucinal pull {re

achedule

rcgion, the pressure remaining

reference value,

load and the pressure were varied independentil

cailed for loeding by

After thic stete had hee

l»’ 4

in subjecting thin-walled

~

in epencently vervyins internasl gressure

ferred %to also 53 "lgai®™), The

longitucin

meanvhile &t s constent smaell

b

attained, both the

'}",

It is mown that v, kises' yiecld criterion (J, = k) is

2 good approximstion to the asctusl loading function,

By this

criterion for the lcad and pressure ranges - -used here the incre-

ment in the loading functd
the load is two himdred times 58 large ¢

crement caused by & 10 psi incres

on caused by sn_increase of 10 1h, in

*
se in the

b en e

1]

pressure. Insofar &

was possitle, therefore, pains were taken to insure thet the pull

wss 8slwavs increased during the test to insure that the materisl
nas 8lways loaded., The ectusl form of the losding path is given
in Fig. 3b and 4bh,

The tubes were mechined with 8 Q-inch gireight cvlin-

drica) section the

test gage length,

centrel five inches of which censtituted the

Tho
- e = %

nutedicde dismeter of the ceniral section

was 2.20C inches and the well thickncss was 0,10C inches,

During s test run the following czts were recorded:

the longitwiinsl pull on the tube, the rressure within the tube,

the chsnge in length of the S-inch gage length, snd tre

of diameter of the

chiange

tube st eech end of the S-inch gege length.,
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The tube dimensions were held within 0,0C05 inches toth
in dismeter anc in wall thicltmess over the entire S-inch gage
length, The loads were measured to within + 20 1b, The pres-
sure was recorded witrhin + 5 psi. The longitucinal change in
length wos magnified 19.8 times, The change in dismeter of the
tube was magnified 10.9 times. The change in diameter ased in
the test analysis here was the average of the two resdings taken
at the ends of the gage length. Toth longitudinal sné dismetrs?
changes were read after magnification on dial gages with s lesst
increment of 0.0001 inch,

For completc detail anc descri)tion of the experimental

procedure sce (3).

Apslysis of the Dats

Altrough notl cxplicitly stated, the discussion of stress-
strain reletions so far has teen for s point of @ materisl h“cdy,
In a» pliysicel test {t is clesrly necessary to consider the be-
havior of & resion of o *ody, Meesuring quantities over s finite
distence immediatelv raises the gucstion of vhether or riot the
sggrcpate prorzerly reflects tiie behavior of the single points,
“he ettitude adoptcd hcre wes thot the test approximstion that
could be obtain.d for the bchavior of an srbitrarv particle was
the average behavior of s large grovp of particles sublected os
resTly as possible o the come conditions. Inherent in tris st-
titude is the acceptance cof a sta2tis*ic3l homogeneity in the
msterinsl, ZAltl.oush cu:h homogereity was riot corcpletely realized

in tre tubcs vsed hore, {t was folt thcot the Seviations from 4t

= ey R —————
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were small ennugh not to affect the conclusions. It should be
pointed out thst in the csse of retals non-homogeneity effects
sre minimized ty the use of large gege lengths,

No m2ntion has been made cof isotropy tecause its presence
or atsence doss not sffect the srguments 1f the body is ressonsbly
homogenezus,

It should be remarked at the cutset that the pressures
involved arc¢ smell compsred to the loeds. The vwsriations of both
the pressure and the load sre small compsred to the existing lcad
state, FKenrce, pressure and load variations were cnrsidered to be
infinitesimal in the eanalysis, Thus it was ass:med that 1if

. wcre velid, equations [3] snd (4] would not be violsted
wiwnin the sensitivity of the oxperiment for any pressure loop
(Fig. 3b or 4b),

The purjpose of the tests wrs to check the vealidity of
the sssumption of linesrity, vhich - 8s haes teen shown - c8n be
done by checking the validity of equation [2]. Since under thin-
walled tube assumptions the stresses and hence the stress incre-
monts asre linesr functions of the losd increments and the pressime
increments, 2t 1s sufficient to check the valicity of the form

dey = a,dl + b dp

& al b (%)
v 8,4l > de

where a's end t's arc to te incependent of dL and dp, TFurtherrore,
ss stated in the lest section, the qusntities actaslly rccorded
durirg a test run were the readings of disl gages., Froam these
resdinges the rnumbers of lesst {nare~cnts of cach 242l gsge

= asurad from scoe refercence reacding were com-outed for every

= s S
R —

R
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entry. The nominal strains vrere computed from the number of
lecast incrcments by multiplving them bv an appropriate constant
(» and =\)., 4gein 8 multiplicative constant does not affect the

validity of equation [5); hence

de§ = def = xa,dL + xbydp [6 »)
d 2 = 2} dl+2 \ 'o bl
cy q-dey = kay 1+2 bydp Lo bJ
vhere eg and e; are the number of least increments from the ref-

erence readings in the x snd y directions respectively.

Although (6] 1s the form thst is desired, it is not
the form obtained dircctly by the use of the computed incrcments
of the dial readings. These letter ccntain slsc the contiibu-
tions of the elsscic strains. In order to o>tain s set of in-
crements that can be used in equstion [6], 1t 1s necesssry to
subtrsct from the totel increments recorded during a test those
increments that represent elastic streins, To this ¢nd before
snd sfter cach test run pwrely c¢lastic check runs were made both
vith pressurc vsristions only and with load vsriastions only in
order to determine the slope of the e’ vs. dL end the de® vs,
dp curves snd the changes of these slopes during the test run,
These datos indicated that with no apprecisble crror the eclasstic
coctficiente could re considercd constent, The elastic increments
were computed frem the lo3d and piessurc dsta snd subtracted from
the total lncriments, T cifferences were used 3s rerpresenting
tho plestic incrimenis in equation [6].

Since elsstic streine arc lincer functions of the load

and pressurc, {t w»a8e not rntsolutcly neccssory to subtract them

‘%f{

— v = = _ Pl
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1h order to check the validity of a linesr form such &s [6] .
Eowever, since 8 plastic stress-strain reletion was sought, the
results were m&re eésily interpreted when free from the effects
of the slsstic behavior,

: Equation [3)] sugpests the method of spproach used in
this snalysis. If a losding function exists, the validity of
lineerity implics thst st least locslly it should be possible

to maske the plots eg vs, L and eg vs, L coincide® by changing the
p

e” scale of one plot and by translating the plot vertically.
The plots should coincide in spite of the fact thst eg and eg

src functions of L 2nd p but arc plotted aspsinst only L, If,

thecrefore, the plastic strain scale of, say, eg were reduced by
P

yo)
vs. L = where efoand ego correspond to so.e fixed values L, and

8 suitable fsctor q, the plots q(eg - efo) vs. L and (eg -0

Pp - should ~oincide. A&ny devietion from coincidence would be
indicetive of non-linearity.
Compsrison of tre two plots wes simplified by the in-

troduction of ﬁeaqéeg -4 ep vhere Aep = ef - epo indicates the

y

number of lcast increments of the disl gape from the reference
ego. q vas determined so &s tc make the overall plastic strains
in the x end y ¢ircctions €quol for the entire test run:

P

= 1
.., q = ovcrall Aev

) b p
oversll Sny

AB 4s therefore s mesasure of the deviation from coincidence of

ot

o |

3

n

the twe plots, Its units sre the same ss those of e, If

carity were valid, then A8 would bte z2ero - ot least locelly. If



Al1)-8F 33

thcre were a systematic varistion of A6 with dL or dp, then
linesarity wonuld te izgossitle,

Fig. 3 shcows thet for tube GH AS is essentially zero
over its entirc length. Linecsritrs is possible, therefore, for
this tube provided the nmagnitudes of thc strains prove to be
tinesr functicns of thc siress increments, Fig. ¢4 on thz othcr
hand shows for tube AB rot only that A8 is not zero, tut that
it 15 sironglv dependent on the (incremental) pressure deviatiors,
This dependence is evidenced by the simultoncous asppearance of
the loops in Fig. 4b erd 4c. Clcarly for this tube linearity
is impossible, and the plastic stress-strain reclstion must be
non-linesr,

There scems to be little question of the existence of
8 loading function when tire snd temperzture effects sre atsent,
However, it is not nccesssrv to usc its existence to prove non-
lincerity in the c8Se of tube A3, If lircerity wcre velid, then
89 vs, L (Fig. 4c) would heve the same shepe as the p vs, L
curve nith the exception of 8 locsl scale fector thset - 1like the
rcefficlionts in equation [S] - could be a function of the lcad,
pressure, snd loed-pressure history, btut could nct be 8 functinn
of the load or pressure increments, i2. 4b snd 4o  show
thot t'is 13 not the cese, The gencral shepe of tae loops in
3= do nct correspond with those in 3t . The peak points {n
thc t=o scts of loops do not correspond., Although there can be
no doubt that the locps of v ave 215371y rolated To these in
3h , thcre is slight tut definite lag in both the beglinnings

vnd ends of thoss in 3¢ relative tc those in b , It would

S S
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not te pcssitle to find cofficiesnts in eguationfe
functions of tre lcad &nd precsure cnly that wculd sllos a linear
transfecrmation of b an2 2z within tle limits of experimentel
€rTor. 7Thus with or without the sssumption of 8 lozding func-
tion, the plastic stress-strain relation {or tube AE must be
concsidered non-liriesr,

Strictly speaking, it 18 not necessiry that there be
no dependence of A8 on what h3a: here been considered increments
of pressure, dp, even if a 2mooth loeding function 48 sssumed to
exist, 7This is true since in reslitv thc measured "cp's" are
finite incrementsof p. In this eventuality, however, the vsria-
tions of AO with p would hsve been of 8 smaller magnitude. Ver-
jstions of t!i1s msgnitude cculc occur ol course for loecding
functions whose surfsces have a pointed vertex, tut non-linesrity
in this case is sssured as seen previously., Finally a8 similar
srgument could be applied to cepencencs of 48 on L or dL.

To estsblish the validity of linesarity for tube GH 1t
would now be sufficient to exsmine the cdependence of only the
magnitudes of the plastic strein increments on the stress incre-
ments, Hhowever, the computstions for the direct determinstion
of the coefficients in ecuaticn{2]were just as simplec and were,
thercfore, made.

The method consisted in first spproximating the oversll
surve in Fig, 28 Yy 8 smooth curve., The devietions from this
curve were then mat-hed by » constent tizes the pressure for
each cycle, The slope of the smooth curve (together with g,

u, andh) gave the a's equation [9), and the amulti;lier of the

pressure gove the bt's, The b's were not constent throughout theo
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t-st, to bkc surc, but could bte considercd constant within eny
ont ecveie to the degres of sccuracy lookid “or, The fit obtaind
by this prociss was within the experimentsl crror except in the

ncightorhood of points of unlozding. In these regions the lsck ;

the t<sting machine than to 3 non-lincerity irn thc magnitudes

of thc stroin incrcments, (In r.f " nce to lystcrcesis in the i
tcsting machine, sce refercnce (6).) It was fclt that linearity ’
%88 wcll Jjustificd in the cesc of tube GH. :

Smooth and Pointed Loadipg Surfaces for Tubes GE end 4B ;

The question is still opcen as to whot type of loading
suiface best fits the date presentcd. To investigate this
question conside™ the differcntisl ofA8 3 46 = qdei - dog .
Recelling tie definition of x and\ :

qdei - aof = Qxdcx + acf .

y 4

Dcfine k, = (qx,\). Then qdeg - dog may be considered ss the
sceler product cf aeP ond kg3 thot is
qaed - ach = acdhx,
=lded | lkglcost
whcra § is consider2d the sngle from Xk, to dea. The cross

product of k, and dcg is

= P P P
taﬁ‘ades -Xdca 4+ qndey

s ldcgllkclsini
= } de © Q-:d(:p
® X N

whore ch is tr¢ tveo dimensionsl slterreting ternsor, Dividing

st
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A
[qdez - dei] by{ -~ ;a(qdcg)- %; dci ] gives 3n expression fer the

cotf. Note thet k, makcs an engle cf 90° with thc direction

of the oversll 8el, If y is defined to bte the angic from the
overz1l AeP to deP, then y=£-30%. rience

—)\tanxmﬂc"—‘}g'd"ﬁ2
*q qick + (3 de.,

Although 1t is ncet feasidble to mawk. a direect computotion
of %3 tan Y for cviry sct of increments, th. slope of the plot
(qach - 2Py vs. (qic} + ()¢ A ¢} [1.¢.80 vs. 8¥) gives the
tan x to within s constent scalc factor. Fig.(58) shows this
plot for tubce AB, A similor plot for tudbc GE is not shcown since
the voeriation in A48 (Fig, 3¢) is *sco smsll. Since
(qdei + (;?)26 eg) [(=&¢] {s not » ronstent times the load, a plot
of p vs, 8% was also given for ease in correlstion of the first
plot with the previous dsta (Fig. 5Sb).

Tr.ecre ere many intcrcesting obscrvations ccncerrning
Fig. 4 & 5, Thc first is that thc msgnification of very small
stroin differences rcprescnted in the qu§ -4 eg dircction hes
not masked the consistenty cf the bchsvior,

The other points of $ntcrcst concern the shape of the
bumps, Predominently thcy ere composcd of thrie principsl slopess
ean initisl slope up, 8 horizontal slojzc 2t the top (missing in
scme ceees) follewd Tty 8 siepc down., The slope down in the lsst
tvoc bumpe i3 made up of two slopcs, the stceeper coming first,

The initisl slopc has nc rclation to> the slopc of the correcsponde
ing prosswr. Sslopu. The finel siop” scems to ‘rosk inte t'o

slopcs or to oscillate between two slopes if the correspond-~
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exception of the ‘rensiticrn from the do-mnward slopcs to the hora
1zontsl slopes, the trensition points are well defined, 1. e,
the chenge in slopcs i1s ccfinite. The buasps themselves becnme
flotter es thre run nroceeds: the angles between the initisl ond
the finsl slopecs becomc greater, The ;rogress of the chenge is
itself interosting, The first tvo tumps arc simost scale mocels
of each othcr, The next two have roughly the seme initial slepe :
but much morc gentle final slopes., The last bump hes gentle in-
itisel end finsl slope. Finally, the points of slope chengc do

not seem to coincide exactly with the points of direction chenge
of thc loading path, but seem to lag 8 short distence behind

them, At the top of thc bumps there scems to be no correlotion
betveen the loedine dircction snd the change to or from the hori-
gontsl portion of the bdbumps ot 2ll,

If thc loading function associated with the tudbe in ques-
tion wcre smooth, and 1f in reslity thc increments of pressure
csnnot be assumcd to be infinitesimal, then en incresse in pres-
sure froe the losd-pressure stete uscd in the run hcre woirld
result in 8 decrcase in the engle that the rormsl to the lo:ding
surfoce maikes with thc horizontel, i.c,, the normsl would B ro-
tatcd in 8 counterclockwise sense. Hewcver, these angle chenges
would be of smaller corder of megnitude tlon thosc odserved,

To 1llustrete thc poirnt, Toblc I wes prepered, For
cach loeding cvecle the rengcs of thre ratio degldcg and of the
corrcsponding ongle, N, that the stroin increment vector mokes

with the torizontal is cntcred on the one hend, ond on thc other
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the same quantities computcd on th: basis cf a J2 thcory. The
2nglcs in the former cntrv were computid from the mcasured slopes
of the qie} - ueg vs. qAch + (;?)%Acﬁ plot. The anglcs in the
prediction of the J~ theory scem @ f;u dcgreces large; but such
8 corstant error could ccsily be accounted for in the framc work
of ¢ linrzr flov thiory: v.g. by tnc inclusion of o J3 term, The
magnitudcs of the chenges, on the other hend, sre of thc correcct
order for sny smhoth curve to which J2 is 8 rcosonsble approxi-
mation. Clcerly this mognituce is not the reouirecé onc. Tha
largest angulsr diffcrence in thc entire Jz part of the teble is
1.4°, vhile the smallest observed cngalar diffcrencc for ony
singlc cvcle wss 9.90.
another dcmbnstration illustrating cthc same coriclusion l
' is provided in Fig, 6. Here en ideelized lucding cycle, p vs, L,
is given in Fig. 6a. In Fig. 6b thc pointed curve represcnts
the corrcsponding prediction of the @eg -Ao’;, vs, L plot for o

corncrcd loeding surfece., It is assumcd for the sske of simpli-

city of calculetions theét for dp = O the loeding direction of the
stredn incrcment vector de§ mokcs en engle of -22.8° with the
horizontdl, “hcn dp>0, the direction of deg (as mell a@s thc
normol to the loading surfece) makcs an ongle of -5.4° with the
horizontel, Finally, ‘hun dp<O, thc anele for toth the straining
dirceticrn end thu normel is u?9.3°.

The flatter curve in Fig. 6b shows the corresponcing |
prediction of e loeding surfsce thot has thc semc chengcs of
dircction of thc normol te the loading surfcoce es o J2 trcory %

uworld for ti¢ proessurcs ond 1osds of this cvele., The surfece has
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been tilted relstive to the J, thuory surfacc, hovever, ip order
thot qdcf - def, = 0 when dp = O,

The losding cvcle in Fiz. €e was choscn as a8 crude but
simple cpproximation to the sccond locding cycle in Fig. 4b.
Lxzmination of thc pointed curve in Fic, 6b shows that the gcne
cral frcatures of both shape and size of cven this approximotion
erc in foir ogrecmcnt vwith the actvsl cose, The flatter curve,
or. thc othet hand compercs poorly in both fceoturcs, but in par-
ticuler with rcecspect to the magnitudes of the ordinstes., It
should bde noted in nassing that aftcr scveral cycles such as the
one presented here the difference in the two predictions would
become obscured by the cumulotive effects and would not stend
in such shsrp coutrsst,

The srguments abovc lcad to the¢ conclusion thst a corner !
does exist on thie loodine surface of the tubc AB, 4nzlogous
srguments for the tubc GH lead to thc conclusion that its loeding
surfece 4ocs not have 8 corner lsrge enough to be detcctod by
thc snerlysis presented herc, It is thorefbre considered smooth.
(The former result agein precludes the possibility of lincserity !
in thc casc of the tube .B.)

24scusalgn

The mcthod used in the investigation of the corner in
the loeding surface wes not thc only onc sveilablc., wnother way,
for cxomple, was to plot cg vs. eg énd thoen to determine vhether
or not th.rec =ir: any locel variastions thet could bc correlsatcq

with clrangcs in thk dircctién of lo-ding., If thi locel variations
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were ebscent, then thire =ould t. no corner in the loading surfscq

This mcthod =°s followcd in refcrence (5). The plots were good
approximations to straigh* lincs in thot the deviations from

streight linc spproximations fitted to the points wcre small, {

It wes fclt at the timc thet the smallncss worrsntcd the conzlu-

<fon thot thi Avweding airection was constant. The more scnsitive
anaslysis prescnted here shows this conslusion not tenable in the
cose of tubc «B, slthouch, of coursc, it is for tubc GH., ..t

best the plot of ‘3 vs.eD 1s insensitive comparcd to the plot
pob -Aeg vs. el + (xxs)?- Aeg .

Insofar as thc osuthor is aware thre literoture gives no
report to dote of the obscrvance of corncers on looding surfoces
for polycrystslline materisls. There opparently are two reusons
why this may bc so, First snd most important, the corncrs were
ususlly not looked for. The second rexson stcms directly from
the first, most cxperiments heve not bcen so designed that the
corners would show., Thc ususl experiment thot concerncd itself
with losding surfeces hss becen designed to show for & given
losding diroction st what stage yicld took plece, Aifter yicld
hod bcen reached, 8 losding poth of erbitrsrily changing direc-
tion hss not b®cen follovwed, Yet this typc of path is the only
onc that ¢en show 2 corner completely, Some tests have followcd
s loading path of verying direction, but onc that turns in one
dircction only. At bcst such e path could pick up the effect
of only on¢ side of s corncr,

It is intcrcsting to rote that in the cose of tube .B

nftcr the cornir wos f-oreed (cssuming trat the originel locding
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surfece mzs smooth) the coffcet of lozding in mony ¢ifferent
dircetions from the corner hed the effecct of flattening it.

If the original surfsce was smooth, the loeding in onc dircetion
scemed to heve 3 tendency to form a pointed vertex, while loed-
ing in meny directions from the vertex sccmed to dcstroy 1it.

It should be cemphesized thot the corner did not sppesr
in both tubcs, It csnnot behinferred that for & gilven motorinl
therc will te or will‘not be 2 corncred vertex in the loading
surfecec,

With rvgord to the direction of the strain inercment
veéfor ssscclatcd with 2 corner, no simple rule for its detere

mination wes obvisus.

groop
. — In reference {5) it was assumed thot the plastic creep
end strein incroczent vector were closcly parallel; end thet thé'
ercep offcets were not 1mportadt in the ovcrsll trends. 1t is
interesiing after closcr studv to consider the roblem of crecp
agaiﬁ.

| Crecp £s usvslly defin.d 15 theot L¢rmonunt deformation
of & bocv that occurs under erd duc to constont lonods, It 1is
thought of 2s occurdng in thr<c phoscs: primerv or trensicnt
grecp, sitondoyv or stcrdy crcep, onc tertisrv or cecclereting
ercep. Primary crecp sxirts its influcnce immcdistely after
the cessstion of locding nd is cherscteriscd by 2 deerc-sing

stredin rate. Sccondery crecp has 8n essintislly constant strain
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Tatc thet 1s the minimum of thc thrce ¢ypcs discusscd, Tcriissy
crecp begins with the first incrcase of stroin rote aftcr sce-
ondcry cricp. This discussion 1s conccrned only with the first
mcntiondd type since, ¢s mentiondd in (B), tists indicotcd that
sccondery creep cffects were ncgligivle, 2nd since the test was
not conductcd over 2 long cnovzh rcriod for tcrtiary crecp
cffccts to ocour,

If e given moterdial 4s load:xd irto the plestic region,
and if the leceding is thuen stoppcd, tut h:ld constunt, crccp
411 usuelly o2cr. Questions proscent themsclves ss to what
hopping if the lo-ding instuecd of *.ing mod: zcro werce to hove
ics rotc dcerecscd to a small figarc, or =crc changed in dircce-
tion. (lthcugh these questions os yot src not onswercd, 1t
scems 88 rcersoneble to thc author thet en immediotcly preceding
looding shoulé 8dd sn accditicral pecrmoncnt strain to the streins
orising from o stete of subscqucnt loading as thet i1t chould
add on odditional pcrmencnt strain to the z.ro purmancnt strain
erising from ¢ subscquent cessation of loading.

From ¢n cxperimentoal point of vio, howwwr, thcro is
e vost diffcrence, The timc cdependent permonent strzins in the
lotter cosc een cosily be diffcrerntictcd ‘rom z.ro streins,
whilc in the former cosc there is 88 vet no dceisive way to
distinguish whiich pcrmanent streins cre tirc dependent on the
preceding locding end which 2rc csuscd by the ne: stste of
lording.

It might be expoctcd that oft.r deviotion from ons

dircctich of loeding thot hos B un followcd for o ~hile the

|
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timc deopendent streining rcsulting from thet loacding would
2ppear 38 8 tnuacney for the msterial to continuc strzining in
the samé woy. Put enothur wov it might be expceted that there
would be & time lag betwecn the change of loading dircction end
the¢ chonge of straining direction essocioted vwith it. The loops
in Pipg, 3¢ give <vidrenec of & smoll lag between thesc chonges,
The lsgs arc ruch too smoll to invelidatc tlrc conclusions drswn
beforc; and s stated in (6) the overell effccts were not in-

flucnced by creep.

Conclusion

Careful examinetion of two thin-wslled tubes shows that
the essumption of linesrity in the plastic stress-strain law
is justified within fhe experimental accurscy for one tube,
while jt was not justified for the other. The former tube
possessed s sxooth loeding surfece while the lstter hsd e de-
finite corner, Techniques now exist for the investigetion of
loeding surfeces for corners.

Time effects sappesr in the anslysis., LEven though the
loeding was not stopped insofer es wss possitle, effects in many
ways anslesgous (o creep came into eviience, These effects were
not of sufficient magnituce to invalidste tre conclusions stated
in the previous parszgreph. Clarification cf the effect snalsgous
to creep for continucus but varving losdiny p8ths requires; sddi-

ticngl study.
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TABIE I
’ Corner g2 r

Cycle d

d from to !‘ggi/degto from to fro:r /9e3 to

1 -31.4 =14,3 2,610 <,255 =25.6 «25,1 ~0.485 0,468
2 -2?01 = 505 -0512 -0096 -2509 “2404 -00‘85 “00454
3 =25.1 =15.2 =,459 -,272 25,9 24,8 <0,485 0,463
‘ “2891 "15.6 '.535 -0280 -2509 -2503 -00485 -00472
5 -2705 "17.2 -9521 "u310 -2509 -2408 "0.435 -00460
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